
70 
 

Chapter 7 

Partial fractions 

 

An algebraic fraction is a fraction in which the numerator and denominator 

are both polynomial expressions. A polynomial expression is one where 

every term is a multiple of a power of x, such as 

5x4 + 6x3 + 7x + 4 

The degree of a polynomial is the power of the highest term in x. So in this 

case the degree is 4. 

The number in front of x in each term is called its coefficient. So, the 

coefficient of x4 is 5. The coefficient of x3 is 6. 

Now consider the following algebraic fractions: 

 

In both cases the numerator is a polynomial of lower degree than the 

denominator. We call these proper fractions 

With other fractions the polynomial may be of higher degree in the numerator 

or it may be of the same degree, for example 
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1. Revision of adding and subtracting fractions 

We now revise the process for adding and subtracting fractions. Consider 

 

In order to add these two fractions together, we need to find the lowest common 

denominator. In this particular case, it is (x − 3)(2x + 1). 

 

We write each fraction with this denominator. 

 

The denominators are now the same so we can simply subtract the numerators 

and divide the result by the lowest common denominator to give 

 

Sometimes in mathematics we need to do this operation in reverse. In calculus, 

for instance, or when dealing with the binomial theorem, we sometimes need to 

split a fraction up into its component parts which are called partial fractions. 

We discuss how to do this in the following section. 

 If the degree of the numerator is less than the degree of the denominator 

the fraction is said to be a proper fraction 

 If the degree of the numerator is greater than or equal to the degree of the 

denominator the fraction is said to be an improper fraction 
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2. Expressing a fraction as the sum of its partial 

fractions 

In the previous section we saw that 

 

By inspection of the denominator we see that the component parts must have 

denominators of x − 3 and 2x + 1 so we can write 

 

where A and B are numbers. A and B cannot involve x or powers of x because 

otherwise the terms on the right would be improper fractions. 

 

The next thing to do is to multiply both sides by the common denominator 

(x−3)(2x+1). This gives 

 

Then cancelling the common factors from the numerators and denominators of 

each term gives 

3x + 5 = A(2x + 1) + B(x − 3) 

Now this is an identity. This means that it is true for any values of x, and because 

of this we can substitute any values of x we choose into it. Observe that if we let 

x = −1/2 the first term on the right will become zero and hence A will disappear. 

If we let x = 3 the second term on the right will become zero and hence B will 

disappear. 
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which is the sum that we started with, and we have now broken the fraction 

back into its component parts called partial fractions. 

 

 

where A and B are numbers. 
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We multiply both sides by the common denominator (x − 1)(x + 2): 

3x = A(x + 2) + B(x − 1) 

This time the special values that we shall choose are x = −2 because then the 

first term on the right will become zero and A will disappear, and x = 1 because 

then the second term on the right will become zero and B will disappear. 

 

 

and we have expressed the given fraction in partial fractions. 

 

Example: Express the following as a sum of partial fractions 
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Sometimes the denominator is more awkward as we shall see in the following 

section. 

 

3. Fractions where the denominator has a repeated 

factor 

 

 
where A, B and C are numbers. 

As before we multiply both sides by the denominator (x − 1)2(x + 2) to give 

3x + 1 = A(x − 1)(x + 2) + B(x + 2) + C(x − 1)2 (1) 
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Again we look for special values to substitute into this identity. If we let x = 1 

then the first and last terms on the right will be zero and A and C will disappear. 

If we let x = −2 the first and second terms will be zero and A and B will 

disappear. 

 

We now need to find A. There is no special value of x that will eliminate B and 

C to give us A. We could use any value. We could use x = 0. This will give us an 

equation in A, B and C. 

Since we already know B and C, this would give us A. 

But here we shall demonstrate a different technique - one called equating 

coefficients. We take equation 1 and multiply-out the right-hand side, and then 

collect up like terms. 
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Example: Express the following as a sum of partial fractions 
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4. Fractions in which the denominator has a 

quadratic term 
 

 

 

Sometimes we come across fractions in which the denominator has a quadratic term 

which cannot be factorised. We will now learn how to deal with cases like this. 

 

 

Example:  Suppose we want to express 

 

 

as the sum of its partial fractions. 

 

Note that the two denominators of the partial fractions will be (x2+x+1) and 

(x−2). When the denominator contains a quadratic factor we have to consider 

the possibility that the numerator can contain a term in x. This is because if it 

did, the numerator would still be of lower degree than the denominator - this 

would still be a proper fraction. So we write 

 

As before we multiply both sides by the denominator (x2 + x + 1)(x − 2) to give 

5x = (Ax + B)(x − 2) + C(x2 + x + 1) 

One special value we could use is x = 2 because this will make the first term on 

the right-hand side zero and so A and B will disappear. 
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Example:    Express the following as a sum of partial fractions   
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Example:    Express the following as a sum of partial fractions   
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Exercises 

 

 

 

 

Express the following as a sum of powers of x and partial fractions 
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